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Abstract 

We study double Higgs production in the e'''e“ and 77 modes of the linear collider. It is also 
shown how one can probe the scalar potential in these reactions. We discuss the effective lon¬ 
gitudinal W approximation in 77 processes and the WlWl luminosities in the two modes of 
a high-energy linear collider. A generalised non-linear gauge-fixing condition, which is particu¬ 
larly useful for tree-level calculations of electroweak processes for the laser induced collider, is 
presented. Its connection with the background-field approach to gauge fixing is given. 
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1 Introduction 


Now that there has been striking direct evidence for the top quark with a mass that 
hts neatly with what one deduces from the precision measurements at LEPl and SLC, 
the matter content of the Standard Model, SA4 , is complete. What is still desperately 
missing is the scalar particle of the model, the Higgs. Intimately related to the existence 
of this cornerstone particle is the mechanism of symmetry breaking. The elucidation of its 
realisation will most probably have to await the next generation of high energy colliders. 
Once the Higgs has been discovered it will be essential to scrutinize all its properties, like 
its couplings to the other particles and its parity. These will be precision measurements 
that are best conducted in a clean environment and therefore one hopes to conduct these 
tests at the next linear collider in its mode as well as the much discussed 77 mode|Q. 
Among these tests one should include the probing of the self-couplings of the Higgs. These 
self-couplings have undeservedly received very little attention|^, and yet, in the SM , 
they directly emerge from the pure non-gauge Higgs-Goldstone potential that realises 
the symmetry breaking. Let us recall that with the assumption of one Higgs doublet <I>, 
which most naturally implements the well conhrmed p = 1, and in order that spontaneous 
symmetry breaking ensues with the correct value of the vacuum expectation value that 
gives the gauge boson masses, the most general potential has the form 
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Only the hrst term, of dimension four, is needed in the SAi to trigger symmetry breaking 
and to ensure renormalisabity. This term introduces the one scale that feeds the masses 
for all the particles in the SM, v = 246GeH. It is also characterised by the parameter A 
whose presence has not been established, let alone measured since this extra parameter 
is direcly related to the Higss mass and measures its self-couplings as well as its coupling 
with the would be longitudinal weak bosons. These self-couplings are large when the 
Higgs mass is large. With the minimal prescription the tri-linear and quadri-linear Higgs 
self-couplings will be directly deduced when the Higgs mass is known. 

The higher order terms necessarily parameterise the most general scalar potential and 
could indicate a non-standard Higgs, possibly a bound state that evades the naturality 
argument without invoking supersymmetry. These “beyond-the-5Af ” terms introduce a 
new scale A, in a sense a new “curvature”, that may have nothing to do with the Fermi 
scale, i.e. v. This new potential changes the tri-linear and quadri-linear couplings. Since 
these new couplings involve neither the matter particles nor the gauge particles a direct 
unambiguous litmus test for their existence is only possible through mutiple Higgs pro- 
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duction. Since one expects these multiparticle cross sections to be small one should look 
for these signatures in an environment where one is not swamped by a large background 
and where there is the least theoretical uncertainty in the standard model calculation, 
thus high energy machines seem to be the ideal place to study these reactions. 

e’''e“ operating in the TeV range are being very seriously considered. These also offer 
the possibility of running not only in the “classic” e+e“ mode but can also be turned 
into 77 or 67 colliders by converting the electron into a highly energetic photon through 
Compton backscattering with the help of a laser ^j. Recently there has been an intense 
activity in the physics that can be investigated at these new types of colliders and a 
research and development programme is in full swing. 

The aim of this paper is three-fold. First, we want to give the expected cross sections 
for double Higgs production at TeV energies at the e’''e“ colliders. In so doing we will 
present the details of the first calculation of the process 77 —> W^W~HH and derive 
an approximate anlytical expression for its high-energy behaviour through the use of the 
structure function approach, in this case the W content of the photon. We will then com¬ 
pare the effective luminosity for WlWl in the e+e“ and the 77 modes. Another purpose 
is to put forth the suggestion that for processes with multi-W’s especially in association 
with photons it is by far advantageous to calculate in a non-linear gauge^. Till now 
these type of gauges have been used for loop calculations, we will show how they can ease 
the calculational task in the case of tree-level amplitudes with many gauge bosons. In 
passing, we will point to the connection between the generalised non-linear gauge that 
we introduce in this paper and the background field inspired gauges]^ applied to the 
SU{2) X f/(l) P that have been much discussed in the last year^]. As a third purpose 
we will discuss how to measure the tri-linear Higgs self-coupling and the limit we could 
hope to extract at the 2TeV e’''e“ collider in its different modes. We will also investigate 
and compare with the limits that one may tentatively set on this coupling from indirect 
measurements. 


The paper is organised as follows. In the next section we deal with the process 
77 —>■ W^W~HH and show how efficient a suitable gauge fixing condition can be in 
tremendously easing the computational task. We study various distributions and com¬ 
ment on the effect of polarisation, both initial and hnal. Section 3 compares different 
processes for double Higgs production at the and the 77 modes including the effect 
of photon spectra. This comparison and the discussion in section 2 lead us, in section 4, 
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to inquire about the validity of the effective W approximation both for eV- 13 and 
77 reactions [pT| , |^, in other words finding approximations by considering the longitu¬ 
dinal fh as a parton. Especially interesting is the longitudinal W content of the photon. 
We study both the case of a heavy Higgs and a light Higgs. When referring to a heavy 
Higgs we have in mind a Higgs that decays into the weak vector bosons and that is pre¬ 
dominantly coupled to their longitudinal parts. Our representative example of a heavy 
Higgs throughout the paper will be Mjj = 400GeH. As a by-product we give the full 
helicity amplitudes for the hard sub-process W~^W~ HH including the anomalous 
coupling. In section 5 we show how we can test for the presence of a tri-linear Higgs 
coupling and give the limit one may hope to set on its strength at a 2TeV e’''e“ machine 
and comment on the improvement that a higher energy collider can bring. We conclude 
in section 6. In an Appendix we discuss in detail the “generalised” non-linear gauge hxing 
condition, show how the background field gauge-fixing condition can lead to a special case 
of the non-linear constraint. Full Feynman rules, including the ghosts, are presented for 
general values of the non-linear gauge parameters. 


2 77 ^ W+W-HH 

2.1 Motivation 

Double Higgs production in the classic mode of the e^e“ has been considered sometime 
agoP, [T^. As with the case of single H production one has two different mechanisms 
obtained by grafting another Higgs to the single Higgs production mechanism: either as 
a double Higgs bremstrahlung off the Z\ e~^e~ ZHH P, (see Fig. |l|) or through 
WW fusion|T^ leading to e+e“ —> Vf.Uf.HH (Fig. |l|). A similar mechanism|T^ through 
ZZ fusion (e'''e“ —^ e^e~HH) gives much smaller cross sections due to the much smaller 
coupling of the Z to the electron than the W. 


Figure 1: Representative diagrams that contribute to e^e ZHH and e+e 

Vf.Vf.HH . 
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The one-loop induced e’''e“ —> has also been considered and found to be dis¬ 

mal. The interest in 77 —>■ W^W~HH stems from the observation that since the cross sec¬ 
tion for the basic process 77 —> W~^W~ is really enormous || 16 || with a value of about 80 pb 
at 400 GeV and not decreasing with energy due to the spin-1 t-channel IT-exchange, one 
could use it as a backbone to hook yet more particles, especially the neutrals. This idea has 
been successfully applied to single Higgs production through 77 —> W^W~H where 
it was found that at high enough energy, where one is not penalised by the reduced phase 
space, this reaction occurs at a higher rate than its equivalent —>• 

which the is dominant mechanism for single Higgs production at . It is then hoped 
that 77 —> W^W~HH can compete with double Higgs production in . 


2.2 Non-linear gauge fixing for tree-level 77 processes 

When switching from e’''e“ to 77 production the calculational task becomes much more 
arduous especially as more gauge particles are involved. Not only does the number of 
diagrams increase tremendously but each diagram has a much more complicated struc¬ 
ture brought about by the handling of the non-Abelian vertices, as well as by the form 
of the massive propagators in the unitary gauge. For instance, in the case at hand, com¬ 
paring the e’''e“ —> VeVeHH with 77 — W^W~HH , one notices that for the former 
only four diagrams are present (neglecting justihably the electron mass) and that we can 
simply leave out the “longitudinal part” {k^ku/M^ parts) of the W propagators, since 
the W’s couple to conserved currents. One thus have a simple calculation to perform with 
compact formulae for the helicity amplitudes. As can be seen from the list of diagrams 
(Fig. ^) contributing in the unitary gauge to 77 — W^W~HH the situation is much 
more complex: one has 12 possible graph topologies which upon symmetrisation bring 
about a total of 46 diagrams. Moreover, beside the non-Abelian vertices one has to keep 
the “longitudinal” terms which in the case of three W exchanges “eightuples” the number 
of terms! What is worse for an already complex situation and more dangerous in a nu¬ 
merical implementation of the amplitudes, is the fact that these longitudinals which are 
associated with the very bad high energy behaviour of the cross section, contribute large 
numerical factors: ~ {Ew/MwY'^ ~ (s/M^)"', n counting the number of propagators 
that can be large for multiple vector bosons amplitudes. These factors eventually largely 
cancel when the full set of diagrams is taken into account. In a numerical implementation 
of the amplitudes, the instability that these terms might introduce is to be avoided while 
it is essential to make the calculation as tractable as possible and with expressions that 
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Figure 2: Different topologies of Feynman diagrams contributing to 77 — W^W~HH in 
the unitary gauge. Figures (la), (2) and (3) are the fusion type diagrams. All others can 
he considered bremstrahlung. (la-c) contain the triple Higgs vertex. 
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can be as compact as possible. 

Almost invariably the way ont is to revert to the standard’t Hooft-Feynman gange, thus 
eliminating the annoying “longitudinal” terms. However, especially with the presence of 
many fF’s there is a price to pay, in that more diagrams containing the compensating 
Goldstone helds have to be added even though the expressions derived from each diagram 
are more compact that in the unitary gauge. The best of both worlds would be to keep the 
same (or sensibly the same) number of diagrams as in the physical gauge and at the same 
time rendering the expressions much more compact. This is possible if one judiciously 
chooses a non-linear gauge hxing condition and selects the gauge parameter to correspond 
to the’t Hooft-Feynamn gauge. The main reason, in the non-linear gauges, the Goldstone 
bosons do not appear in most diagrams is due to the fact that the is not present. 

The underlying principle behind the vanishing of this vertex is that the gauge hxing is 
such that it still does not explicitely break the U{l)em and as a consequence one should 
not expect an electromagnetic “particle-changing” current such as 

The widespread choice of the linear gauge hxing condition [] 

( 2 . 2 ) 

only eliminates the mixing, while for a typical non-linear gauge 


+ ieA, + »9cos9„,Z„)W"‘+ + imw + (2.3) 


the will disappear due to the use of the covariant derivative with respect to the 

f/(l) current. In fact, with the above choice the covariant derivative is along the full 
Ta neutral direction of the SU(2) group. We have already used a slight variation of the 
above|^, gauge condition for the calculations of 77 — W^W~Z, W~^W~p, W^W~H 
and have found tremendous simplihcations. For those processes the last term involving 
the Higgs does not enter, however for 77 — W^W~HH it is essential because it elimi¬ 
nates the “unnatural” W^p'^pH that may enter at this order (see Fig. The only other 
application of this gauge-hxing for tree-level amplitudes in the electroweak theory that 
we are aware of is the recent calculation of 77 —> W^W~W^W~, W^W~ZZ . 


These are not the only simplihcations that the non-linear gauge hxing conditions (with 
the Feynman parameter ^ = 1) bring. Both the tri-linear W^W~'y and quartic 
tQur conventions are defined in the Appendix. 
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Figure 3: Some extra topologies of Feynman diagrams that have to he added in a renor- 
malisable gauge even when the is absent. The last 4 topologies are caneelled with 

the gauge-fixing that we take. 
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are simplified. The latter now contains only one term out of three, moreover all diagrams 
containing this coupling trivially vanish when the two incident photons have opposite 
helicities {Jz = ± 2 ). As for the tri-linear coupling (see Appendix) it is most usefully 
split into a universal “convection” current (present for the case of scalars and fermions) 
and a spin current that is automatically transverse in the photon. To make full use of 
these gauges one has to combine them with the calculation of the helicity amplitudes. In 
fact, recent developments in the calculation of QCD processes]^, especially the so-called 
string inspired organisation, can be understood as being (partly) based on the exploitation 
of similar gauges. This type of gauges has an obvious connection and similarity with 
the so-called background gauges[0 which, within the SU{2) x U{1) model, have been 
resurrected in the last year [Q. The underlying idea is the same though: one strives to 
maintain an explicit gauge covariance (after gauge-fixing) in the classical fields (external 
fields or external currents). For this one splits the fields into a quantum and a classical 
part and take the covariant derivative with respect to the classical gauge helds. 

The above non-linear gauge can be generalised. For instance, for other applications, one 
can arrange for the W^ip'^Z to vanish as well. More generally we can tune the parameters 
of the following gauge-fixing term for the IF’s: 

ArStof”’ = -r'K®,. + ie&A,, + igcosgwPZ^,)W“* + i(^(v + SH - iKip3)ip*\'^ 

(2.4) 

In the Appendix we give the Feynman rules for this most general gauge hxing term and will 
explicitely spell out the connection with the background gauge applied to SU{2) x U{1). 

2.3 Total cross section, energy dependence and polarisations 

With the above choice of gauge it is a relatively easy task to compute the helicity ampli¬ 
tudes. As a check on our calculation we verified that the amplitudes were transverse in 
the photon momenta. Moreover, since the diagrams that involve the triple Higgs vertex 
constitue a gauge invariant subset we have also checked that this subset is also transverse 
in the photons. One way to argue that this subset is gauge invariant is to observe that 
this is the same subset that constitutes the whole of the 77 —>■ W^W~H amplitude. 
Therefore, if one “fuses” the two Higgses into a single state one has an effective Higgs 
and thus one is effectively calculating 77 —> W^W~H . Another way of seeing this is to 
observe that the triple Higgs vertex emerges from another part of the Lagrangian (scalar 
potential) than the WWH (covariant derivative on the Goldstone field). Upon modifying 
the strength of this vertex, transversality in the photon is still maintained. We will come 


back to this point later when discussing the inclusion of a non-standard value for the 
Higgs and how, again, the non-linear gauge fixing brings a welcome simplication. 


Our phenomenological analyses will be mainly for centre-of-mass energies up to 2TeV, 
he., in the range considered for the next generation of linear colliders before including 
any spectra for the 77 luminosity. However, this process having quite interesting features 
which are more easily revealed at high energies we will also dicuss the case of much higher 
energies and heavy Higgses so as to be able to check whether a description in terms of 
structure function, Wl inside the photon, can be applicable. 


We have taken a = 1/137 everywhere with Mw = 80.2GeV and sin^Ow = = 

0.2325. One may question why we decided against the use of a = 1/128. For the photon 
vertex (with an on-shell photon: = 0) this is perfectly justified. Indeed 77 —> W^W~ 

has to be calculated with this value of a, this has also been confirmed by computing the 
one-loop corrections to this reaction|^. As for the WWH couplings one may choose to 
use a = 1/128 by relating this to Gp- Sticking with the latter choice our numbers have 
to be scaled by a factor (137/128)^. 

The first conclusion is that the cross sections are rather small for the foreseable col¬ 
liders. For a Higgs mass of lOOGeV and with a total 77 centre-of-mass energy of 2TeV, 
we find a total cross section of about 0.21fb giving some 63 events for an integrated 
luminosity of f £ = 300fb“^, before including the various W’s branching ratios and con- 
voluting with the 77 luminosity spectra. There is about a factor of a as compared to 
77 —>■ W^W~H for the same mass and energy. These events will thus be rare events 

that would need to be analysed after a long run. On the other hand, as with all rare 
processes, this cross section is therefore ideal for the investigation of New Physics. In 
this respect, it is essential to study in detail all the characteristics of this process and its 
salient signatures. 

The behaviour of the cross section reflects a few of the characteristics of the 77 —*• 
W^W~ process. The t-channel W exchange enhancement, responsible for the constant 
asymptotic 77 —> W^W~ cross section, brings for this multiple particle production a 
logarithmic growth as the energy increases (Fig. ^). Moreover, one still has the domi¬ 
nance of the transverse hF’s: each time one replaces a transverse hF by a longitudinal 
one looses an order of magnitude in the total cross section. This recurring feature is well 
rendered in Fig. ^ As for the photon polarisations, and again as is the case with the 
77 —>■ W^W~ at high energy, there is very little dependence on the helicity combinations 
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Figure 5: Contribution of the Jz = 0 and Jz = “2 to the total cross section. 



Vs (GeV) 


of the initial photons already at ITeV. This is clearly seen in Fig. ^ where we note that 
there is a slight preference for a setting with opposite photon helicities {Jz = 2) that 
tends to attenuate as the energy increases. This feature persists for a higher Higgs mass. 

2.4 Higgs mass dependence 

At 2TeV centre-of-mass the cross section drops precipitously with increasing Higgs mass. 
For instance, for a 200GeV Higgs mass it is twice as small as for lOOGeV Higgs with about 
a tenth of fb. For a SOOGeV Higgs there is again another factor 1/2 reduction. In this 
process that involves the triple Higgs self-coupling the Higgs dependence does not only 
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enter trivially in the phase space (or to a lesser extent throngh the propagator) bnt it 
should be kept in mind that the Higgs self coupling itself is proportional to square of the 
Higgs mass. We should thus expect this feature to contribute in, somehow, balancing out 
the phase space reduction. This however occurs only slightly at much higher energies. The 
reason is the following: in the minimal SA4 the WlWlHH is also of enhanced strength 
(he proportional to Mfj/M^) as can be most easily seen by reverting to the equivalence 
theoremwhich, here, will tell us that this is . The latter stems from the Higgs 

potential also and has the same strength. The other observation is that for a heavy enough 
Higgs, the fusion diagrams are important and as we will show below are dominated by 
the longitudinal quasi-real Ws. Then a destructive interference takes place between the 
diagrams involving the triple-Higgs vertex in which we are most interested and the ones 
involving the WWHH vertex. This will become clearer when we study W~^W~ —> HH. 
To bring out this important feature in evidence, and having in view the probing of the 
Higgs self-coupling, it is instructive to divide the diagrams into those containing the Higgs 
self-couplings (Signal) and those where this coupling is absent (Background). As hgure |] 
shows, at 2TeV there is already substantial destructive interference that is most operative 
when the Higgs mass is in excess of 350GeV (heavy Higgs mass). At 5TeV one sees clearly 
that both the “Signal” and “Background” increase with increasing Higgs masses (taking 
Mh up to Mh = 700GeV), however they conspire to give a much smaller cross section. 
Note that the outgoing transverse IT’s dominate the cross section for all values of Mh 
when one is far from threshold. 

2.5 Distributions 

The logarithmic growth of the cross section, in particular for the transverse modes of the 
IT’s, is no surprise. Again this stems from the mutiple W exchanges, this feature is also 
present in single Higgs production]^. Indeed, the cross section is dominated by the very 
forward (backward) IT’s. This can be seen in the angular distribution of the outgoing 
IT’s. Already at ITeV (where the cross section is very small) the forward peak is fantastic 
(See Fig. 0) 

For a multiple particle production such as this one there are quite a number of dis¬ 
tributions that one may want to study. Knowing these distributions will be most useful 
for optimising the search for New Physics. We have another motivation for analysing the 
different distributions: we would like to find out which diagrams are most dominant so 
that one could work out some approximation for the whole process. First, since we have 
two Higgses in the final state we have prefered to single them out by labelling them as the 
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Figure 6: Higgs mass dependence of the 77 — W^W~HH cross section at 2TeV and 
5TeV. The contribution of the diagrams involving the triple Higgs vertex (Signal) and the 
rest (Background) is shown separetely. Also shown is the contribution of the transverse 
W’s (TT). “Total” stands for the contribution summed over all helicities of the W’s. 
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least and most energetic Higgs. These two have qnite different angnlar distribntions (mea- 
snred with respect to the beam) especially for the case of a light Higgs {Mh = lOOGeH). 
For the latter, while the most energetic H is preferentially carried along the W direction 
(that is in the forward/backward), the least energetic has an almost nniform distribntion 
even for very high centre-of-mass energies, Fig. For a heavier Higgs, the two Higgses 
are both clearly preferentially forward. 

As for the energy distribntions, we see from Figs. that it is the transverse W that 
carries on average most of the energy, the mnch less dominant longitndinal hF’s have a 
rather nniform spectrnm. Especially for the light Higgs, one of the two Higgses is almost 
a bremstrahlnng Higgs that takes along very little momentnm Figs |^. This is the case 
even at very high energies (5TeV) and means that the decay prodncts (the b’s) will be 
clearly separated. In view of the characteristics of the energy and escape angle of the 
Higgses, that show different behavionr for the light and heavy Higgs, there is in the case 
of the light Higgs some evidence for the fact that the contribntion of Higgses emitted as 
bremstrahlnng off the external H^’s is not negligible. This is becanse the least energertic 
Higgs carries little energy while the most energetic is along the W direction, thus both 
Higgses end up forming a small invariant WH mass. 

There are other types of diagrams that, especially for the heavy Higgs mass, are 
dominating. These are the fusion type diagrams where each photon splits into two IF, 
the external outgoing W (spectator IF) going very forward and taking a large amount 
of energy as we saw. The other, internal IF, takes part in the hard process and triggers 
WW —> HH. If these internal IF’s are quasi-real (almost on shell) than the t-channel 
diagrams are every much enhanced. To bring this important feature into prominance we 
introduce the variables X± that measure the virtuality of the fusing IF’s. = (m^ — 
g+)/s, where g+ = -pw+, (<?+ = -Q+) and X_ = (m^ - q'i)/s with g_ = p^^ -pw-- 

When the IF^ is emitted with high energy in the “parent” photon direction, the variable 
X_|_ is very small. The domainance of the fusion diagrams is well rendered by Fig. 0 
that clearly shows that the bulk of the events originate from a very small region of phase 
space tightly clustered around both X± ~ 0. It should also be noted that for very light 
Higgs, when it is emitted either along the IF direction or with litte energy (essentially 
a bremstrahlnng Higgs) the variables X± calculated for the bremsstrahlung diagrams 
can also be small. This observation of the importance of the fusion diagrams, referred 
to earlier, will become crucial when we will derive a high energy approximation for the 
process. 

The above distributions together with the discussion we had on the Higgs mass de- 
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Figure 8: Angular distribution of the least and 
beam . 
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Figure 9: Energy distribution of the W for different Higgs masses at two typical energies. 
Both the transverse and the longitudinal W distributions are shown. 
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Figure 10: Distribution in the energy of the least energetic (H^) and the most energetic 
(H+) Higgs. 




pendence are an indication that the leading topology is one with both outgoing W being 
transverse. They are emitted very forward along the beam hence forcing the intermediate 
VF’s to be quasi-real especially at high energies. All these characteristic are consistent 
with an interpretation, especially for heavy Higgs, in terms of the dominance of fusion 
diagrams with the photon splitting into a spectator Wt (transverse) and another W that 
takes part in the hard scattering process W^W~ —> HH. We will see in section 4 that 
this is dominated by WlWl. From a previous study[^, we have given formulae for 
the structure function describing a Wl inside a photon (see below also), these lead to an 
effective W^Wl luminosity that falls like 1/s, where s is the invariant mass of the WlWl 
subsytem. We thus should expect that the largest contribution to the total cross section 
to come from values of the invariant Mhh mass not too far from threshold, if indeed 
the fusion diagrams contribute substantially. As £g. |l^ conhrms, the average invariant 
mass is not sensibly above threshold especially for a heavy Higgs. For a light Higgs the 
invariant mass of the Higgs system is only a fraction of the total energy. 

3 Comparison with other processes at the linear col¬ 
liders 
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Figure 11: Double distribution in the redueed variables that measure the virtuality of 
the fusing W’s. 
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Figure 12: Distribution in the reduced invariant mass of the Higgs system for = 
100,400Gei/ and y/s = 2TeV,5TeV. 



3.1 Light Higgs at e^e colliders 

At the same order in the coupling constants as the process we are studying, double 
Higgs production can be generated at the loop level via 77 ^ if if and could allow 
the probing of the triple Higgs vertex]^. However, this test will have to rely on a very 
precise value of the if —>■ 77 branching ratio. At a 2TeV cms energy the cross section 
is of the same order as the WWHH production for a Higgs mass of lOOGeV. When 
one is not penalised by phase space WWHH production is larger, for instance at 5TeV 
there is an order of magnitude between the two cross sections. The equivalent loop- 
induced double Higgs production in e+e“ has been found to be much too small |]I^, at 
best it has a cross section of O.lfb and decreases quickly with energy. However the most 
efficient means for double Higgs production in the e^e“ mode is via WW fusion leading to 
e’''e“ — Vf.Vf.HH . The double Higgs bremstrahlung —> ZHH) is only competing at 

relatively low energies where the event sample is too low to be useful. We have recalculated 
the e’''e“ —VeVfHH cross section. As Fig. ^ shows, e^e“ —> Vf.Vf.HH exhibits the same 
logarithmic growth and is slightly larger than 77 — W^W~HH for the same cms|. This 
is partly due to the larger phase space allowed for the e+e“ process. Another reason 
^We have not counted the part e+e” ^ HHZ HHVfVf with the fusion diagrams 
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Figure 13: Comparison of cross sections for double Higgs production at e+e and 77 
reactions for a light Higgs Mh = lOOGeV. 
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is that the e'''e“ —*• Ve^eHH cross section could be interpreted solely in terms of the 
fusion of WW that rescatter into HH, while the equivalent 77 involves bremstrahlung 
type diagrams that for a light Higgs ~ Mw interfere destructively with the fusion type 
diagrams. Note that these fusion type diagrams WW HH are also common to the 
loop induced 77 —HH and e’''e“ ^ HH. This last remark also explains why 77 —HH 
is larger than > HH, 77 —> W~^W~ is about an order of magnitude larger than 

e’''e“ —> This said, all mechanisms for double Higgs production give, for the 

foreseable future colliders, a cross section that is below .5fb for the light Higgs scenario 
with the largest cross section occuring in the classic e’''e“ . The yield of double Higgs can 
be even larger in the mode. If both the e~^ and e~ are polarised one can gain as much 
as a factor of four! No such beehng up can occur in the 77 mode as all combinations of the 
photon polarisations give sensibly the same values as shown earlier. If anything, 77 cross 
sections will suffer some reduction when one takes the photon spectra into consideration. 


3.2 Convoluting with the photon luminosity spectra 


At this point it is necessary to discuss how the cross section for double Higgs production 
in 77 is affected by including the photon luminosity spectra. The colliding high energy 
photons are obtained by Compton backscattering of an intense laser light on the single¬ 
pass electrons. The spectra used by almost all physics analyses till now have been based 
on the much adverstised luminosity functions of[^. Nearly all studies have considered that 
the conversion point coincided with the interaction point. By increasing the conversion 
distance one obtains more monochromatic spectra peaked towards the highest possible 
energy but one looses in luminosity as the softer converted photons would not reach the 
interaction point. To make the comparison with other physics studies conducted for these 
types of machines we will only illustrate the case with a zero conversion distance and 
with a parameter for the setting that allows the highest possible centre-of-mass energy 
and yet does not trigger electron pair production through the interaction of a laser photon 
and a converted photon. This corresponds to the parameter xo = 4.8 


12 and means 


that centre-of-mass energies up to 83% of the original can be reached. The issue of 
polarisation is crucial. Figure ^ shows that by choosing the circular polarisation of the 
laser, and that of the corresponding electron, Ag, such that for both “arms” of the 
colliders one has 2 XePc = 2 AgPg = — 1 one obtains a peaked spectrum toward the highest 
t: T = See/s^.y. For this peaked spectrum one also sees that if one takes Pc = P^ = +1 
then the produced hardest photons are mainly in the Jz = 0. For our process where we 


^Another reason, is that 77 —s- HH receives an important contribution from the top. 
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Figure 14: (a) Photon-photon luminosity spectra for different polarisation of the laser 
beams Pc (circular) and the electrons Xc) of the linac. (b) shows the relative contribution 
of the Jz = 0 and the Jz = 2 luminosities. 
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need to be at the highest possible s.y.y it is clear that we should prefer a peaked spectrum. 
Selecting between a. Jz = 0 and a Jz = 2 dominated spectrum is not terribly important 
as the process depends very litte on the initial polarisation. 


It has very recently been realised 1^^ that taking into account multiple scattering and 
non-linear effects these “ideal” spectra are disrupted. The main characteristic is that the 
luminosity at the higher end of the spectra is lowered while one has an increase in the 
luminosity of the soft photons. The detailed Monte Carlo simulations depend quite 
critically on the parameters of the beams etc.., but because of the typical spectra arrived 
at, it would be a good approximation to assume that one has an almost monochromatic 
spectrum peaked at the highest possible .JsZZ energy but with a luminosity of about a 


factor 2-5 lower than the original e’''e 


For our process, convoluting with the “ideal” spectrum p| we hnd in fact that at 2TeV 
e’''e“ cms energy and for a Higgs mass of lOOGeH the cross section with the peaked spec- 
^ This is technically more time consuming as it introduces yet two more integration variables. 
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Figure 15: The 77 — W^W~HH cross section after convoluting with the “ideal” lumi¬ 
nosity spectra for different combinations of the polarisations of the electrons and the laser. 
The Higgs mass has been set at lOOGeV. 
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trum drops by about at least a factor of 2 compared with the result without convolution, 
see Fig. |^. Of course it is worse by a factor 4 if the broad spectrum 2 \ePc = ‘ 2 X'^P^ = 1 
is taken. Therefore, we see that had we taken the preliminary results on the spectra that 
take into account multiple scattering etc, that suggests to include a factor 2 (at least) 
reduction in the 77 luminosity we would have obtained the correct order of magnitude of 
the convoluted cross section. 

Comparing now the 77 —> W~^W~HH with double Higgs production in e+e“ for the 
foreseable colliders it is clear that the yield of double Higgs is larger at the e’''e“ option 
by at least a factor 2. In real life, there could easily be an order of magnitude between 
the two yields considering the availabilty of polarisation. 

3.3 Higgs mass dependence of the e^e“ ^ cross section 

One revealing characteristics that we observed in the 77 —>■ W^W~HH was that the 
accuracy in the probing of the triple Higgs vertex was acutely dependent on the mass of 
the Higgs since there was destructive interference between the signal diagrams that contain 
the triple vertex and the rest. This destructive interference becoming more severe as the 
mass increases. As hgures show, this feature is still present and it therefore conhrms 
that the background diagrams though not containing the HHH vertex do get balanced 
out by the WlWlHH. This is a suggestion that the quasi-real W’s are preferentially 
longitudinal. As we will see, WW HH is essentially triggered by the longitudinal W. 
Therefore we have strong indications to suspect that the whole cross section can be well 
recovered by the effective Wi approximation. Another supporting evidence is that this 
approximation has been shown to work very (rather) well for a heavy (light) Higgs for 
pp reactions at 40TeH[^. Moreover, as Fig. 0 indicates the invariant mass of the HH 
system is, for high enough energy, clustered around small values of this invariant mass so 
that the effective Wl approximation (EWA) should work quite well. 

3.4 Heavy Higgs 

The comparison between all mechanisms for double Higgs production when the Higgs 
is heavy very much favours 77 —>• W^W~HH as soon as phase space factors (due to 
the accompanying W pair) are negligible. For the 2TeV collider and a 400GeV Higgs, 
there is enough phase space to make 77 — W^W~HH larger than e’''e“ —> VeVeHH , 
though both cross sections are far too small, but not enough for 77 —>■ W^W~HH to 


25 


Figure 16: Dependence of the e~^e~ UeVeHH cross section on the Higgs mass at 2TeV 
and 5TeV. The relative contributions of the signal diagrams containing the H triple vertex 
and the background are shown. 
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Figure 18: Energy dependence of the main cross sections for double Higgs production for 
a heavy Higgs. 



Vs (GeV) 


be the dominant cross section. The loop-induced 77 —is larger and could be 
measurable. However, very quickly 77 — W^W~HH takes over and one sees that it 
becomes the main mode for double Higgs production already at 3TeV (see Fig. |^. 

4 The structure function approach and W^W~ HH 

In order the check whether the equivalent W approximation works, one needs to know not 
only the distributions of the W inside the electron and the photon but also the behaviour 
of the the hard process, which for the case at hand is W~^W~ ^ HH . We will see that 
it is dominated, by far, by the longitudinal Ws in which case it is sufficient to only use 
the longitudinal W distribution function. 



4.1 W+W- HH 


The amplitude for the process WlWl HH has been calculated before We have 
recalculated this amplitude by also allowing for the triple Higgs vertex to have a value 
different from that in the SA4 and have derived the other helicity amplitudes. We take 
the H^ vertex to have a strenght times of what it is in the SAi (see next section). 
Denoting the velocities of the W and H as f3w,H = we introduce the 

“enhanced coupling” r = M^/M^ while we dehne Xq = (1 + P‘h)x is the cosine 
of the scattering angle 9: x = cos 9. We find 
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It is important to note that there is a cancellation between the terms of enhanced 
strength oar = as pointed out in section 2: 

Mll ^ jr(3h3 - 2) + ... (4.2) 

The term in comes solely from the s-channel and for the SAi values there is indeed 
a cancellation, though not complete. We clearly see here that if there is a deviation in 
the SAt value, it is made more conspicuous for higher values of the Higgs mass, since the 
terms in the anomalous couplings are enhanced as the Higgs mass increases. 

Obviously the dependence only occurs for like-sign W helicities.Thus the remaining 
transverse modes that do not have an enhanced coupling factor r are not so conducive to 
testing these couplings. The other helicity amplitudes are 
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As Figures show the cross sections are indeed essentially produced through both 
W being longitudinal, for both a light and a heavy Higgs. Nonetheless the leading contri¬ 
bution at high energies is from the t-channel W diagrams and comes from the W being 
extremely forward. The asymptotic form of the total cross section is not sensitive to the 
coupling and is given by 
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Mjj - 2M^ 
2s s 
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(ln(s/AfJ,) - 3) 


(4.4) 


To bring the effect of the coupling into prominence a cut on the forward/backward 
directions is essential. Introducing an angular cut such that all Higgses within this 
angle (measured with respect to the W direction) are rejected, and with 2Mw/\fs <C 
00 -C 1, the leading behaviour becomes very sensitive to the value of the triple Higgs 
vertex. To wit, with r 3> 1 


Tia^ 1 / Mjj \ 

sj^ 16s \ J 


( 3/13 
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(4.5) 


Note also that the WlWl cross section is dominant even after angular cuts are applied, 
see Fig. 

Having confirmed the overwhelming dominance of the WlWl cross section, we now 
turn to a discussion on the structure functions of the Wl inside the electron and photon. 


4.2 Comparisons betwen the distribution functions for the Wl 
inside the electron and the photon 

There have been numerous derivations of the distribution (or structure function) of the 
W inside the light fermions (quarks and electrons) [^. For the effective W approxima¬ 
tion, the most interesting aspect concerns the Wl content, which in combination with the 


equivalence theorem ||22|| has been used to investigate manifestations of models of symme¬ 
try breaking and Higgs production. All the available distributions reproduce the same 
leading function that exhibits scaling behaviour. For the unpolarised electron one has 
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Figure 19: Energy dependence of the W~^W~ HH cross section . The different helicity 
contributions are shown for comparison against the unpolarised cross section. Thick lines 
are for the total cross sections while the thin lines correspond to a cut on the scattering 
angle with \ cos6^1 < 0.8. 
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where y is the momentum fraction of the electron transferee! to the W. 

The Wl distribution inside the photon has only very recently been studied 
This distribution consists of two different parts. The hrst represents the situation where 
the spectator lT[]is transverse. The second component takes into account the contribution 
of the longitudinal spectator W. The latter does not have an equivalent in the fermion 
splitting case. As for the former we have shown that|T^ , modulo an overall factor, it has 
the same universal structure as the one for the electron 


D 


{Wx) 

WlHx 
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TT y 


(4.7) 


Note that in this case the photon transfers its helicity, A, to the spectator W. The 
contribution from the W with the opposite helicity , —A, is non leading. One important 
difference with the electron case is that whatever the helicity of the photon one gets 
the same probability for having a W^. Thus we may just as well write the unpolarised 
distribution: 


d'wIUv) = ( 4 . 8 ) 

L! 1 TT y 

As for the spectator-fki component we have shown[|^ that an approximation that works 
very well for 77 —>■ W^W~H is 
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Where is a typical value for the hard process. Despite its logarithmic enhance¬ 
ment this contribution is only a fraction of the Wt component as evidenced by the fact 
that the yield of external Wl’s is always an order of magnitude below that of the trans¬ 
verse. We will not consider the contribution from this component in the present paper, 
therefore when looking at the validity of the approximation we will only compare it with 
the doubly transverse exact 77 —>• W^W~HH cross section that may also be compared 
to the equivalent e^e“ —^ VeheHH . 


The issue of the Wl content of the photon is of importance. Since one of the aims of the 
77 colliders is to study symmetry breaking, it is essential to know whether 77 collisions 
can yield a higher luminosity in WlWl- Looking at the Wl distributions in both the 
photon and the electron one is tempted to conclude that there are equally as many Wl 
in the photon as in the electron. However, the photon being “democratic” produces, 

II The one that does not take part in the hard scattering and plays the role of the neutrino in the 
electron case. 
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regardless of its polarisation, both W~^ and W~ with an equal probability. We can then 
study while only W^W£ is possible in e’''e“ . Moreover, for the latter channel ( 

W^W~) one gains a factor of two in the 77 mode. However, we should not forget that one 
has to take into account the convolution with the real spectra, moreover for the structure 
function approximation to be trusted one needs to go to a regime where the W mass can be 
neglected, since in 77 one has less phase space. Furthermore, we have seen that, in order 
to have a 77 luminosity peaked at high values of the 77 centre-of-mass , polarisation of 
the electron was essential. Now, if one polarises the electrons in the mode to be left- 
handed (and the positrons right-handed), one gains a factor of 4 in the convolution. 
Therefore, it is fair to argue that there could be a complementarity as different channels 
for effective WW scattering are open {W^W^,W^W~) in the 77 mode, but it is far 
from certain that the effective lumininosity after convolution with the 77 spectra will be 
enough for the foreseable future colliders to fare better in the 77 than the mode. 


4.3 Approximating the e^e ^ cross section 

We are now in a position to evalute the e’''e“ —cross section through the effective 
Wl inside the electron: 
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(4,10) 


with ym the largest y allowed kinematically and where the luminosity for is 


(^)'i((14nini-2(l-r)) (4,11) 

where we have neglected the W mass compared to the electron energy to dehne the 
luminosity of the in e’''e“ . 

As known and as we argued above, this effective luminosity is peaked for lower values 
of r. One may try to hnd an analytical approximation for the e+e“ —> total cross 

section since we just have one convulation to perform. We have not attempted to do this 
exactly. However, we have looked at how good an approximation one could obtain if one 
takes the constant asymptotic value for the W^W~ —> HH cross section as given by |4.4| . 
We obtain 
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We should not expect this additional approximation to work well as it is clear from the 
energy dependence of the W^W~ —> HH cross section (Figs |T^), that this limiting value 
is quite higher than the values not far from threshold where the effective luminosity will 
pick up much of the cross section. Nonetheless, we should expect the energy behaviour 
to be fairly well reproduced as well as the order of magnitude. 

We see from Figs.^that for a Higgs mass of lOOGeV, the effective Wl approximation is 
never within 50%, the latter attained only around lOTeV. However the energy dependence 
is well reproduced. For the case of the heavy Higgs the approximation is excellent, already 
at 2TeV it is within 10% while at lOTeV the agreement is almost perfect, reaching 3%. 
Very similar conclusions were obtained for the case of pp collisions at 40TeV|^|. Note 
that the approximation of taking the limiting high energy constant cross section (for 
Mh = 400GeV) gives a 100% overestimate. 


4.4 Approximation in 77 ^ W~^W HH 


Taking the distribution function for the inside the photon given in and taking into 
account the factor of two in the convolution we would predict 77 — W^W^HH to be 
about 2(4s^)^ times the —>■ Ve^eHH cross section at high enough energy where the 

difference in phase space does not play a role. We have compared these two cross sections 
allowing for this factor. This comparison is therefore a measure of the bremstrahlung 
contributions in 77 — W^W~HH especially that the structure function approach in 
e’''e“ has been verihed to be a very good approximation. The bremstrahlung diagrams in 
77 can not be deleted at a stroke since they do not form a gauge invariant sub-set, thus 
the comparison we propose should be a more trustworthy way of extracting the effect 
of bremstrahlung. It is gratifying to see that the arguments we gave in section 2 when 
analysing a combination of distributions are born out by Figs. We see that the effect 
of the genuine part of the bremstrahlung is not negligible at all for Mh = lOOGeV, while 
for Mh = 400GeV, their contribution gets smaller, for example it is about 30% at 8TeV. 
Keeping this feature in mind it is no wonder that the effective Wl does not reproduce the 
result as well as in the case of the . Nonetheless we see (Fig. |2^) that for 400GeV 
the approximation is no worse than what it is for single Higgs production!^. At 8TeV 
the cross section is reproduced within 20 % of its exact value. 
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Figure 20: Comparing the result of the Wl effective approximation to the exact 

result for e+e“ — u^u^HH for a light Higgs and a heavy Higgs. Also shown is the 

asymptotic analytical cross section 
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Figure 21: The effect of the 
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lung diagrams in 77 — W^W 
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Figure 22: 77 —> W^W~HH : comparing the result of the Wl effective approximation, 
(jEWA^ to the exact result for both W’s being transverse ( for a light Higgs and a heavy 
Higgs. is the exact result including all helicity modes of the W’s. Also shown is the 

asymptotic analytical cross section For the heavy Higgs the percentage deviation 

is given. 
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5 Identifying and measuring the Higgs triple vertex 

5.1 The triple Higgs vertex 


We have, in the introduction, given ample motivation for the importance of checking the 
triple Higgs vertex, especially if no sign of New Physics at TeV energies has been revealed 
such as supersymmetry. The origin of symmetry breaking and the naturality argument 
would be a real puzzle, especially if only a light scalar particle has been found. One 
possibility, if this scalar is the Higgs, is to scrutinise the Higgs potential. Its most general 
form beside respecting the SU{2) custodial symmetry must lead to the correct value of 
the vacuum expectation value|§, H, then 


VssB 
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g2in-2) 




\2{n-2) _ X)2 



(5.13) 


Compared to the form we have given in 0 , the first term in this series (n = 2 ) 
normalised with ^2 = ^2 = 1, is the usual minimal SM. potential; whereas for n > 2, 
Kn = gf 20 - 2 ) . Because of the new scale, this expansion suggests a hierarchy such 

that the dominant term (besides the SAi contribution) would correspond to n = 3. 
Truncating the expansion at this order, the leading parts of the potential that contribute 
to the processes we have been studying write: 
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Note that the is unaffected, while not only the strength parameterising the 

coupling , h^, but also the quartic (iT^) as well as get a contribution at 

this order, such that their resulting strengths are not in the same ratio as in the SAt . 
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/14 = 1 T Q 6 h^ 

hg = 1 + 35/13 ( 5 . 15 ) 

It is worth observing that had we done the calculation for 77 —> W^W~HH with the 
usual linear gauge hxing condition in a renormalisable gauge we would have had to add 
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an anomalous contribution. No such addition is needed with the gauge hxing 

we have exploited. 

There is yet another gauge invariant implementation of the triple Higgs vertex, that 
also maintains the custodial SU(2) symmetry. Symmetry breaking can be realised non- 
linearly as one would be led to assume in the limit of a very heavy (or no) Higgs scenario. 
In this picture the Higgs would have to be interpreted as a scalar that has to be coupled 
in a chirally invariant way to the Goldstones. The latter may be collected in the matrix 
E with 

S = exp{ -) = d,T. + - {gW.E - g'B^Er,) (5.16) 


The most general lowest order Lagrangian that represents the symmetry breaking 
sector isp5 
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(5.17) 


In the standard model all hi = 1. hi ^2 represent VVH, VVHH interactions which in our 
study we took to be standard, hi can be probed in other reactions (such as Higgs decays 
or single Higgs production) where h^ does not take part, taking only h^ ^ 1 would be 
unnatural. 


5.2 Identifying the triple Higgs vertex in double Higgs produc¬ 
tion 

Beside the fact that the cross sections for double Higgs production are quite small, the 
extraction of the h^ part is not so easy. We have seen that already at the level of WW —>• 
HH the cross section is dominated by forward/backward events and the effect of is 
blurred. There is though a specihc signature of the coupling in all processes that we 
have studied. Once we note that the two Higgses that originate from this vertex can be 
regarded as produced by a scalar H* then in the centre of mass system of the pair, the 
angular distribution of the Higgses is flat. Therefore, we suggest to reconstruct the angle, 
9*, measured in the centre-of-mass of the pair, between the Higgs direction and the boost 
axis (or for that matter the reference direction Oz of the beam). For the signal events 
the distribution is flat, while the background events are peaked in the forward/backward 
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direction. In Figs. ^ we show, for 77 — W^W~HH , the distributions in this variable 
for the signal as well as the background and the interference terms, that clearly make and 
conhrms the point: The signal does not show any dependence on the angle 9*, while the 
“background” is clearly peaked in the forward direction and the interference shows some 
angular dependence. 

For —>■ boosting back one obviously obtains the same angular distri¬ 

bution as for W^W~ ^ HH . It is clear that to improve the detection of the or 
get a better limit on its self-coupling one should keep to the central region in 6*. One 
possibility is to consider the ratio of events within a central region, characterised by an 
optimised angle 6^, over the number of events outside this region: 


aHH{\ cos^* 

< 

cos 0^1) 

(Thh{\ cos0*1 

> 

cos 051 ) 


As with almost all ratios, this has the advantage of being free of many of the uncer¬ 
tainties in measuring the cross section as well as some of the theoretical uncertainties. 
Here we have in mind the choice of the input parameters which for a 6-particle amplitude 
in the electroweak theory can introduce large uncertainties as we pointed out in section 2. 

5.3 Measuring in e'^e~ Ue-UeHU 

For the > Ve^eHH , the coupling appears in only one of the diagrams. We have 

also looked at whether the Wl approximation works when we include a non-standard 
coupling. The answer is that the approximation is as good as with what we found for the 
SM. . That is, at lOOGeV the approximation is not to be trusted since it overestimates 
the cross section by a factor of 2, while for 400GeV the approximation is excellent, see 
Fig. |2^. For the measurements of the coupling we concentrated essentially on the 2TeV 
collider. We will content ourselves with a brief comment about what would happen with 
a higher energy “futuristic” machine. 

We assume that, at ^/s = 2TeV one will be able to collect a total integrated luminosity 
of 300/6“^. Moreover, we assume an efficiency for the reconstruction of the double Higgs 
events to be 50%. We will be conservative in the sense that we base our results as if no 
initial polarisation were available, remembering that if beam polarisation were available 
one could gain a factor of four in statistics. 

At 2TeV this leads to an event sample of ~ 68 HH events for Mh = lOOGeH whose 
signature is 46 events plus large missing energy. One obvious background is vvZZ^ but we 
assume that invariant mass constraints should get rid of these as they should for WWi>i> 
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Figure 23: The distribution in the reconstructed angle 9* for the signal, background and 
the interference in the case 0/77 —> W^W~HH without convolution with photon spectra. 
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Figure 24: Dependence of the e'''e — Ue^eHH cross section on the self-coupling hs at 

2TeVfor Mh = 100,400GeV^. Both the exact calculation and the effective Wl are shown. 
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if no b tag were available. Of course, for a Higgs with a mass closer to Mz the situation 
would be problematic if not hopeless. Considering this not so high statistics we further 
conservatively take as a criterion for detection of an anomaly in that on has a 50% 
deviation in the expected number of events, provided one has at least 30 events. With 
this setting, we conclude from Fig. ^ that with the total cross section one would only 
be able to claim New Physics if 5h^ < —0.75 (for positive one needs values in exces 
of ~ 2). For Mh = 400GeV, SM values will not lead to a measurement (in this case the 
signal is AW plus large missing energy), however if {Sh^l > 1 a signal will be recorded 
(there will “unexpectedly be more than 30 events) and would be a clear indication for an 
anomalous coupling. 

For Mh = lOOGeH where one has enough events for a SM. value, the ratio R that we 
introduced earlier is much more powerful in constraining the coupling. For 9* we took 
I cos 6^*1 < 0.5. We have not made any effort to optimise this value. First the event 
sample (with the luminosity and efficiency taken above) within | cos 6 **| < 0.5 is about 7 
out of 60 outside this region. Assuming that the ratio can be measured at 20%, we hnd 
—.10 < ISh^l < .15 (see Fig. ^) which means a precision of about 10% on h^. 

Let us comment brieffy about how much better a higher energy e’''e“ machine can 
do. To see this we refer to Fig. ^ that shows, at 5TeV, the Higgs mass dependence 
of the cross section for both the signal and the background. We can conclude that for 
Mh = 700GeV switching off the triple Higgs vertex {h^ = 0, that corresponds to taking 
into account only the “Backgrounds diagrams) leads to a 10 fold increase of the cross 
section! 

5.4 Measuring in 77 ^ W^W~HH 

From the detailed analysis on the 77 — W^W~HH process, we learnt that at 2TeV the 
cross section is lower than in —*• Ve^eHH and this even before taking into account 

the reduction introduced by the convolution and the branching ratios of the hF’s (if not all 
W decays are used for the analysis). Of course, at much higher energies and with higher 
masses the 77 mode fares better. In any case, as concerns the triple Higgs vertex one 
advantage of the 77 mode is that this coupling takes part not only in the fusion diagrams 
but also in the bremstrahlung type diagrams which are not negligible at 2TeV, especially 
for a light Higgs. Taking the effective 77 luminosity to be only half that of the and 
with the same efficiency for reconstruction of double Higgs events, for Mh = lOOGeH, 
one can hope to collect 15 events. In view of this number our criterion for detection of 


43 


Figure 25: Dependence of the ratio R on both for 77 — W~^W HH and e'^e 

UgUeHH . 






Figure 26: Dependence of the 77 
2TeV for Mh = 100,400G'e'F. 
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cross section on the self-coupling hs at 
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= 2TeV 





non-standard values is 100% deviation in the number of events which, here means that 
we require a doubling of events. In this case there is a very slight improvement on the 
limit extracted from the total e’''e“ —> Ve^eHH cross: 5h^ < —0.5 which in any case does 
not compete with the limit one extracts from the ratio R in e’''e“ . However, we find that 
for a Higgs mass of 400GeV the effect of an anomalous coupling are dramatic and, 
by far, much more interesting than in e’''e“ . Requiring observation of at least 15 events 
for Mh = 400GeV (where within the SM. one expects only about 3) useful constraint on 
the coupling can be set: —.7 < 5h^ < 0.5. There is thus a complementarity between the 
e’''e“ and the 77 depending on the Higgs mass in probing the Higgs triple vertex even at 
2TeV. As for the ratio R, taking Mh = lOOGeV it is unlikely that with the number of total 
WWHH events at 77 one would be able to make such a measurement, nonetheless even 
if this ratio were measured with the same precision as in e^e“ one would not constrain 
the couplings further than what is achieved in the classic e’''e“ mode. 

The limits on we have extracted for a light Higgs from a measurement of R in e’''e“ and 
the ones for heavy Higgs up to a mass around 400GeV are much better than what could be 
achieved with the reaction 77 ^ HH which is dominated by a = 2 contribution that 
is insensitive to the the Jz = 0 s-channel Higgs exchange. However, with ^/s = 2TeV, 
for Mh > 600GeR 77 —>■ HH is the only reaction where useful limits, of the order of 
what we extracted for lower Higgs in > Ve^eHH and 77 —> W^W~HH , can be 

set. Thus, there is at a 2TeV collider a very nice coverage of the sensitivity by all three 
reactions. Of course, as the energy increases and especially if the Higgs mass is large, 
77 —> W^W~ HH is the ideal laboratory for testing the coupling, provided there is 
enough luminosity in the 77 mode and other “technical” problems for the would-be novel 
colliders are under control. 


One may wonder whether it is at all possible to extract an indirect limit on from low- 
energy experiments. This is difficult since present data are not very sensitive to even the 
Higgs mass, let alone to its tri-linear coupling. The latter would only enter at two-loop for 
current observables Gonsidering that we would be dealing with a non renormalisable 
theory if the Higgs coupling is anomalous, an unambiguous limit is not possible. Only 
an expected order of magnitude can be given based on “naturality argument” This 
is like trying to constrain the anomalous weak vector bosons couplings from radiative 
corrections compared to a direct limit through W pair production. The indirect limit on 
hs has been investigated in Q by considering the effect of on the p parameter. Even 
**At one-loop, it only enters for the renormalisation of the Higgs mass. 
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with the proviso that the estimate from the two-loop calculation is only an indication on 
the order of magnitude, the indirect limit is an order of magnitude worse than the direct 
limits covered by the three main double Higgs cross section at 2TeV. 

6 Conclusions 

The investigation of the scalar potential or the nature of the Higgs, as revealed through 
its self-couplings, can be done most unambiguously through double Higgs production. 
For the planned colliders in the forseeable future the expected cross sections are rather 
small thus the need to study these signatures in an environment with the least and best 
understood backgrounds. We have seen that colliders operating at 2TeV centre- 

of-mass offer great possibilities especially if use is made to run them in both the usual 
e’''e“ mode as well as the 77 mode. We have found that with the realistic luminosities 
expected for these machines one may hope to achieve a measurement of the tri-linear 
couplings at the level of 10% (for a light Higgs). The results are also encouraging in the 
sense that the and the 77 modes can cover different ranges of the Higgs mass if a 
2TeV machine is built. We hnd that for a light Higgs (up to 250GeV) the best limits on 
the couplings come from e’''e“ —UgUgHH . However, for heavier Higgses up to mass 
of SOOGeH, the best channel is the associated double Higgs production in 77 . For still 
heavier masses, the one-loop induced 77 ^ HH is hj far better, mainly because of its 
larger phase space. We have proposed the variable R that clearly helps in discriminating 
the triple Higgs vertex. As a by-product we have verihed the validity of the distribution 
function describing the longitudinal W content of the photon. We find, as with the case of 
single H production]^, that for a heavy Higgs {Mh > 400GeH) the approximation works 
quite well, although not as well as for the electrons. This is due to the bremstrahlung 
contributions that accompany 77 production modes and which are often absent in the 
e’''e“ mode. Another critical issue that our study has addressed and which comes as a 
by-product of our results, is how much better a 77 collider fares in probing models of 
strongly interacting Ws that would have to manifest themselves in the absence of a light 
Higgs. The answer is directly related to the luminosity of WlWl that one effectively gets 
at the two modes. 

Translating our comparisons for the heavy Higgs production and combining them with 
our previous hndings about single heavy Higgs production|]^, the conclusion is that we 
can indeed arrive at a higher luminosity in the 77 mode. However, when we include re¬ 
alistic photon spectra the factor two enhancement provided in the 77 mode is lost in the 
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convolution, especially if we take into account the new results on the spectra that simulate 
multiple scattering and include non-linear QED effects[^. Moreover, this factor 2 can 
easily go in favour of the mode if both the electron and the positron are polarised. 
Nonetheless, the mode will only be open to the channel, while 77 provides 

all combinations of charges. 

Another result of our study concerns the computational part. We have advocated the 
use of non-linear gauge hxing conditionsQ for tree-level mutiple bosons processes in 
77 reactions and have made the connection with the background held gauge-hxing con¬ 
straints. These types of gauges tremendously ease the calculational task. We foresee their 
use for all calculations in the framework of the laser induced high-energy 77 collider. 


Note added 


During the writing up of this paper, there appeared [^] a new “automatic” calculation of 
77 —>■ W^W~HH in the unitary gauge. Our reults agree with the ones found in[^] when 
we take the same input parameters. Note, however, that most of the results of this paper 
have been presented at the 2nd European Workshop on Physics with e~^e~ Colliders^ 
and in[P3 prior to 
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A Appendix: Feynman Rules for the Generalised Non-Linear Gauge Fixing Gon- 
dition 

We begin by presenting our conventions and notations for the bosonic sector of the SU ( 2 ) x 
U{1) model. 

The SU{2) gauge helds are W^j, = while the hypercharge held is denoted by 

Bfj^ = r^B^. The normalisation for the Pauli matrices is Tr(rV-^) = 2W. The radiation 
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Lagrangian is expressed via field strength, Wf^i, 


= l{d^W,-d,W^ + l^g[W^,W,]^ 


= ^ {VK - d,Wl - 

(A.l) 

and 


^ {d^By - dyB^) T3 

(A. 2 ) 

such that the pure gauge kinetic term writes 


-^^Gauge = ~ 

(A.3) 

The Higgs doublet, $, with hypercharge Y = 1, is written as 


( + H + ) 


and the covariant derivative acting on this doublet is such that 


V^^=[d, + l^{gW, + g'YBS)^ 

(A.4) 

The Higgs potential is introduced 


2-12 

VsSB = A ^ 

(A.5) 

with A > 0 such that spontaneous symmetry breaking ensues. 

The and Higgs 

masses are 


Mw = y ^h = = 2An2 v = 2AQGeV 

(A.6) 

Our convention for the helds and couplings is 


= cvi/H^® — swB^j, 

(A.7) 

= -Svi/IT® + cwB^ 

(A.8) 

g = e/sw 

(A.9) 

g' = e/cw 

(A.IO) 

gz = e /swCw 

(ATI) 
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We propose, when one is dealing with mnltiparticle hnal states that involve photons 
and weak bosons, to nse the generalised non-linear gange hxing condition, both for the 
W 

+ ieaAf, + ig cosw + 6H - ikip 3 )ip^\^ 

(A.12) 

and Z 

—iv + £H)ip3)‘^ (A.13) 

^ COSvi/ 

The most practical choice for the 6 is = ^ = 1- We do not tonch the gange 

hxing for the photon: 


A = (A,14) 

As we pointed earlier these gange hxing conditions have to be paralleled with the 
gauge hxing constraints one imposes in the background-held method. In the latter, upon 
splitting the helds tjj into into their classical, V’d, and quantum, %Ijq, parts: = 'ijjd + V’q 
and specialising to the case where the gauge parameters ^ are all equal, one has for the 
SU{2) X f/(l) theory (see for instance^) 


- ^KS-^Iq + - W*.W^) + “ fti'PQ)? 

- ^\(9-Zq + tgcw(.WlWQ - W*.W^) 

+ ^^2swCw ~ ~ ’k’tl'^Q) + i{HQ'^3d — (n -I- Hci)^P3q)') 

+ Hci - i^Psci) - - i^3Q) (A.15) 


The identihcation with the non-linear gauge-hxing constraint is the following. For the 
77 processes we have been studying, one does not need a gauge-hxing for the photon 
(and the Z). These are then considered purely classical as is the corresponding neutral 
Goldstone and the Higgs. On the other hand, since there is no separation, in the non-linear 
gauge, between classical and quantum helds one interprets the and their Goldstones 
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as “quantum”. Then making —>• 0 (but Wq\Hq —>• 0) leads to the charged part 

of the non-linear gauge constraint with 


a = P = 5 = K = l (A.16) 

Which are the values that bring the most simplihcations in practical calculations. Note, 
however that if we also £x the gauge in the neutral sector then the identihcation is less 
transparent, as mixtures necessarily occur. In |A.13| , for instance, and with d = 1, if is to 
be interpreted classical whereas 933 is necessarily quantum like the Z. 

This is the gauge we have taken in this paper (although we did not need to specify e). 

At this point it is worth comparing with specific examples of non-linear gauges that 
have been used for loop calculations. The condition used in]^ can be recovered by setting 

a = P = 1 5 = k = € = 0 (A.17) 


This condition gets rid of and has the advantage of keeping the same Lorentz 

structure for the tri-linear WW'y and WWZ vertices. However, the vertices W^ip'^Z and 
W^ip^H{A, Z) are present. The condition taken in|M corresponds to 


a = 6 = e = 1 P = k = 0 


(A. 18 ) 


Here both ^^ 93^7 and W'^cp'^HA vanish. 


In|^ both W^'pA'y and W^pAZ are made to vanish. One can see that this is arrived 
at by taking a = l,S = i= k = 0, while 


P = -^^ (A.19) 

Cw 

This corresponds to a U{1)y covariant derivative. However, contrary to what is claimed 
in [^, with this choice, W^p'^H{Z,'j) still remain (but luckily these vertices have no 
incidence on the calculation 77 —ZZ in||30||). 


We now give the Feynman rules for the generalised non-linear gauge hxing condition: 


Propagators 


H 


w 

flU 



— t 


k^-M^ 


9tiv + 


('Cw ^)kf^ki, 
k"^ — CwAf^ 


—i 

k^-Ml 


dfiy + 


(Cz - l)k^ky 
k^-izMl 


(A. 20 ) 

(A. 21 ) 
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= 

^ ('C 7 

^2 91^1^ + ^2 

(A. 22 ) 

= 

i 

(A.23) 

— m^j 

lim = 

i 

(A.24) 


= 

i 

(A.25) 

k^ - 



(A.26) 

wz = 

iiz 

(A.27) 

k^-izMl 

= 

i^w 

(A.28) 

k3 — 


As is obvious, for all calculations = 1 is to be prefered. 


Trilinear vertices 


In the following all momenta are taken to be incoming. 





-le 


'1 . 

- 

- ’ Sw- 

- 


9a/3{p- 


P+)m + (l + i;) ikc.9,,13 - k/39m) 
^ {.9piaP+9 9t^fiP—p)-i ® ^ P 


The form of this vertex calls for some comments. First, when a and (3 are equal 
the vertices have, apart from an overall constant, the same Lorentz structure. The hrst 
term, that does not depend on any of the gauge-hxing parameters, corresponds to the 
convection current. This is the same current that one obtains for scalars and indeed, 
apart from the gap term that counts the vector degrees of freedom, this is exactly as in 
scalar electrodynamics. When we further take the most “practical values” a = j3 = 1 
(that correspond to taking a covariant derivative along the T 3 direction) and with = 1 
the third term vanishes and the second is nothing else but the spin current with the 
correct value for the magnetic moment of a spin -1 gauge particle. 
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W^-{pw) 



a)--gMz{l -c^(l-/3))] 


One can make both the and vanish. While the vanishing of the 

photon part is for the value a = 1 that makes the WW'-j (and as we will see the the 
Whh 77 ) simple, the vanishing of the Z requires f3 = —s^/c\^ that does not make 

the other vertices simpler. Note that these vertices do not depend on The remaining 
tri-linear vertices that we list below can not be made to vanish. 


H 


[W+^(p+);Z^] 

igp^[gMw', gzMz] 



H 




Wj 


■ 9 , 


- (1 + ^)PhT 




^3 


W^^{p 


w 






7 /^; z>^] 




^ KP-, 


e-^gz- 


-w 




{p+-p_y 
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H 




^3 


H 


H 




2M]y 


[<^ 3 ; 


H 


W 


2M, 


w 


■{M' 


H + {g gz, Mw Mz, ^ ^ ^ 


[<^ 3 ; 


Quartic vertices 


ly+P 2'^] 



-ie‘^[l-, cwlsw\c\ js\^\{2g^^gp^ 

-[gP-g-P^gPPg--)\{\-C?liw)\Y 


(1 - iY/iw)]) 


Again for the values that correspond to the T 3 covariant derivative and = 1 there 
only remains the same part that one hnds for the scalars (apart from the factor counting 
the vector degrees of freedom). 
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W+p W+p 



Note that it is not sufficient to take a = 1 to get rid of this vertex. 



Note that if <5 = k = 1 then the same condition that makes the W^ip^Z vanish, 
eliminates this vertex too. 


W"^p [H; (ps; p+' 



pa 
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7^; 7^j 





. ,o±l 


'2M^ 


[if; (/?3; [if;<^3;i^^ 


■3 3 
. 2 ’ 2 ’ 


1 


H 

^3 



\ 

/ 




X - 

4M^ 

{Ml + 2M|£2^^) 


^3 



i^+ 

[^; ^ 3 ] 



\ 

/ 




X - 

4M^ 

[M| + 2M^6‘^^w; Ml + 2M^Xew^] 


l^;<P3] 
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Ghosts vertices 


[V'r'^Vz]{p) 




v±{p) 
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